The series expansion for the zero-point energy of a system of harmonic oscillators derived by BIGELEISEN and GOLDSTEIN has been examined in detail. The convergence properties have been tested as a function of the reduced frequency, and the error produced in truncating the series has been found. Calculations of zero-point energy sums by solving the secular equations for isotopically substituted series of hydrogen, methane, ethylene, ethane, and benzene molecules have been made and the results are discussed in terms of the first-and second-order isotope sum rules.
In the preceding paper 1 , it has been shown that the reduced harmonic zero-point energy of an natomic molecule 3n-6 £q=I 2]eOft/a>0 (where co^. refers to the eigenfrequencies of the molecule and co0 is a characteristic frequency to be chosen) can be expressed in terms of a power series where xk = (coÄ/co0) 2 . This series is absolutely convergent for \xk -1 j 1, k -1,..., 3/1 -6. The purpose of this paper is to examine the convergence properties of this series for various values of x, to determine the errors produced by truncating the series at various terms, and to show the behavior of equation (1) when some representative molecules are considered. Furthermore, the effect of changes in certain vibrational force constants on the terms of equation (1) will be discussed. Particular interest is attached to the calculation of zero-point energy differences between isotopically substituted molecules. In the present context, series (1) has been evaluated by means of calculated values of xk i/2 (i. e. frequencies). From the practical point of view this would obviously be completely useless because a knowledge of xk 112 (k = 1,..., 3 n -6) is equivalent to a knowledge of the zero-point energy £0 . The practical usefulness of (1) arises from the fact 3n-6 that 2Ä xk n (or 2 co* 2n ) can be obtained from the secular determinant in terms of force constants and atomic masses by means of the sum rules 2 without explicit calculation of the individual frequencies.
I. Individual Frequencies
Figures 1 and 2 show the convergence of the series (1) for an individual frequency (i.e. 3n -6 = 1) as a function of x. The convergence criterion sets limits on x of 0 x 2. We see from the figures that the rapidity and the type of the convergence do show a dependence on i, It is to be observed, however, that if we restrict our attention to the range 0.25 ^ x ^ 2, the maximum error made at p = 2 in the summation is of the order of 10%. We should consider this in the light of the fact that we want to use the series (1) to calculate the zero-point energy of a polyatomic molecule (i. e. several frequencies) with a single value of co0 . (It is obvious, of course, that the sum rules can be used in conjunction with series (1) only if a single characteristic frequency, to0 , is employed 1 .) Thus for a molecular species having frequencies which differ by as much as a factor of 2.83 ( i. e. 1/2/1/0.25), it is possible to pick a value of co0 such that the zero-point energy is given by the first three terms of series (1) to better than 10%. For organic molecules containing x carbon-hydrogen bonds, the maximum frequencies are about 3000 cm" 1 . Then with a)0 = 3000/V2 , we are assured of the above 10% convergence if there are no frequencies in the molecule less than 1000 cm -1 . The 10% figure actually applies only to the smaller frequencies in the above range and there may be some cancellation of errors. Hence, we would expect to be able to pick a value of o)0 such that the series (1) converges to the zero-point energy to better than 10% for the first three terms over a much larger range of frequencies than 1000 cm -1 to 3000 cm -1 . The contribution of extremely low frequencies may be estimated quite incorrectly by the series (1) but such frequencies tend to contribute proportionally rather little to the total zero-point energy.
These considerations are demonstrated in Fig. 3 , in which the differences between actual frequencies and those calculated from equation (1) are plotted. With a choice of co0 = 2000 cm -1 (corresponding approximately to the value needed in a molecule with a C -H bond), frequencies in the range 1000 to 2800 cm -1 are in error by no more than 100 cm -1 when the first three terms of the series are used. The errors become larger for frequencies below 1000 cm" 1 . Fig. 4 shows the error which results when equation (1) is used to approximate the change in frequency produced by isotopic substitution. The ordinate is the error in the difference co1 -io2, where we have used the ratio coj/cog = 2 1/2 , i. e. the maximum isotope effect to be expected in a molecule where a hydrogen atom has been replaced by deuterium. The maximum error (for p ^ 2) is found when co2«i400 cm -1 . Fortunately, molecular vibra- tions with frequencies below 1000 cm -1 are usually skeletal vibrations which are relatively insensitive to isotopic substitution of a hydrogen atom.
It should be pointed out that in the comparison of frequencies of different isotopic species, a somewhat more stringent requirement is placed on the choice of co0 . In order to take advantage of the convenient form of the isotopic sum rules 1 , one must use the same w0 for the different isotopic molecules. The use of the minimum value allowed by the high frequencies of the light isotopic species will lead to smaller values of a)/co0 in the heavy isotopic species, and thus to less rapid convergence of the series.
The behavior of series (1) for an actual molecule is shown in Table 1 , which gives results obtained for the H2, HD, and D2 molecules. This system is expected to show the largest deviation from the linear zero-point energy rule (law of the mean), i. e. the largest difference between co(H2) -co(HD) and CO(HD) -CO(D2). It is seen that convergence is extremely rapid for the three values of co0 which were used.
II. Polyatomic Molecules
Tables 2 through 6 contain the zero-point energies and zero-point energy differences for several isotopically substituted series of larger molecules. These values were obtained from exact solutions of the secular determinants for the vibrational frequencies. In addition, some comparisons are made with zeropoint energies calculated with the series expansion (1).
Methane. Table 2 , together with zero-point energy differences between successive pairs in the isotopically substituted series. The choice of a>0 = 2250 cm -1 is approximately the minimum value which obeys the convergence requirement. The second-order approximation (p = 2) in the series is seen to produce a maximum error of about five percent in the zero-point energies, but the error in the change of zero-point energy upon isotopic substitution of one hydrogen is about 20%. The comments in the preceding paper 1 concerning this system are confirmed: the difference in zero-point energies between successive pairs increases with increasing deuterium substitution. Also, the difference between successive pairs which would be obtained from a linear interpolation between CH4 and CD4 is 661.89 cm -1 . The differences between the actual zero-point energies and those obtained with this linear interpolation are: CHD3, 15.23 cm -1 ; CH2D2, 20.71 cm -1 ; CH3D, 15.82 cm -1 (cf. Fig. 1 of reference 1 ). According to Table 1 of the preceding paper 1 , the ratio of these differences should be 20.71/15.57, in good agreement with the above values.
Similar calculations were made with this same set of isotopically substituted molecules in which the force constants for H -C -H bending vibrations (and any interaction terms involving this motion) were set equal to zero. In this case, only four frequencies are found, corresponding to C -H stretching vibrations. The results are shown in Table 3 * (3 n -6)/2 is set equal to 2 since there are only 4 non-zero frequencies. and it is immediately evident that the zero-point energy differences between successive pairs are very nearly equal although there is still a slight increase with increasing heavy atom substitution. The table also shows that the series expansion through secondorder terms leads to a similar result. To this order of approximation, this is to be expected from the type of force field employed, since a difference of the type
is proportional to 2 a 2 HjH/ (cf. the last section of the preceding paper). These force constants are for the mutual motion of two hydrogen atoms and the only contribution to this term here arises from the interaction force constant between carbon-hydrogen stretches which, it should be noted, has not been set equal to zero in these calculations. Ethylene. - Table 4 Ethane. case. Once again, one observes that successive deuterium substitution leads to larger differences as the extent of substitution increases. The effect of neglecting all but stretching force constants is similar to that found in the case of methane, and the change in zero-point energy is almost exactly a linear function of the number of substituted atoms.
Benzene. - Table 6 shows zero-point energies which were calculated for the isotopic benzenes by solving the relevant secular equations with the use of the force constants of CRAWFORD and MILLER 6 . The law of the mean is valid to a high degree here. The isotopic hydrogens are separated from each other by at least two carbon atoms and this leads to very small interactions between them. The latter is also evidenced by the fact that the various sets of isotopic isomers (e. g. o-, m-, and p-C6H4D2) have very closely the same zero-point energies.
